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We present analytic computations of gauge invariant quantities for a point mass in a circular
orbit around a Schwarzschild black hole, giving results up to 15.5 post-Newtonian order in this
paper and up to 21.5 post-Newtonian order in an online repository. Our calculation is based on
the functional series method of Mano, Suzuki and Takasugi (MST) and a recent series of results
by Bini and Damour. We develop an optimised method for generating post-Newtonian expansions
of the MST series, enabling significantly faster computations. We also clarify the structure of the
expansions for large values of ¢, and in doing so develop an efficient new method for generating the

MST renormalised angular momentum, v.

I. INTRODUCTION

The equations of motion of an extreme mass ratio bi-
nary system — for example, a solar mass black hole or
neutron star in orbit around a massive black hole —
are well approximated by a perturbative expansion of
Einstein’s equations. With ¢ = m/M (the ratio of the
smaller mass to the the larger one) as an expansion pa-
rameter, at zero-th order in ¢ one obtains geodesic mo-
tion in the spacetime of the larger mass. The order ¢
corrections are commonly referred to as the first order
self-force and are obtained by solving the linearized Ein-
stein equations around the background spacetime of the
larger mass, M.

An alternative approach to the two-body problem —
valid when the constituents are far apart — is the post-
Newtonian approximation, which expands the Einstein
equations in v?/c?, where v is a representative velocity
and c is the speed of light. In the context of binary
systems, the post-Newtonian expansion maps onto an
expansion in 1/r, where r is the separation of the two
objects.

Recent years have seen synergistic development of the
post-Newtonian and perturbative approaches to the ex-
treme mass ratio binary problem. Comparisons of gauge
invariant quantities computed in the two approaches have
gone beyond simple (but valuable) crosschecks [I]. They
have enabled impressive developments which would have
been difficult, if not impossible, to achieve in each theory
on its own. For example, on the post-Newtonian end self-
force results have produced predictions of previously un-
known terms in the post-Newtonian expansion [2H8]. On
the self-force end, comparisons with post-Newtonian cal-
culations and with Numerical Relativity simulations have
given insight into the higher-order perturbative correc-
tions not included in the self-force approximation [9, [10].

Traditional approaches to the perturbative treatment
of Einstein’s equations have relied on numerical solutions
of differential equations as a means to obtaining the lin-
earized metric perturbation. More recently, alternative,
functional methods have emerged as a compelling ap-

proach to obtaining the linearized metric perturbation.
In particular, there has been a surge of interest in ap-
proaches pioneered by the work of Mano, Suzuki and
Takasugi (MST) [II], in which one writes solutions of
the linearized Einstein equations in terms of a rapidly
convergent series of hypergeometric functions.

Functional methods have the distinct advantage of giv-
ing a representation in terms of exact quantities, rather
than a truncated numerical value. Since modern com-
puter algebra systems can efficiently evaluate hyperge-
ometric functions to an essentially arbitrary number of
digits, a numerical approach built on top of functional
methods is a powerful tool. Indeed, a parallel pair
of works by Shah and Pound [I2], and by Johnson-
McDaniel, Shah and Whiting [13] has used numerical
functional methods to simultaneously obtain many of the
same results as we present here. Reassuringly, a direct
comparison of our results with those of [12][13] has shown
the two to be in perfect agreement [14], providing a strong
independent check to both calculations.

In this work, we compute post-Newtonian expansions
of the linearized metric perturbation for a circular-orbit
binary system, ignoring spin terms, up to order ',
where 1/y = (M)~2/% is an invariant measure of the
radius defined through the orbital frequency, Q2. From
this, we compute very high order post-Newtonian ap-
proximations of all known gauge invariant quantities up
to quadrupole order. Our approach works in the Regge-
Wheeler gauge (with a transformation to an asymptot-
ically flat gauge compatible with that used by post-
Newtonian theory) and is fundamentally based on func-
tional methods, but avoids any numerical evaluation
(and the associated numerical truncation). Instead, our
method builds on a series of developments by Bini and
Damour [I5HI8]. Much of the calculation described here
relies heavily on the methods they developed, combined
with some modifications which allow the calculation to be
efficiently taken to much higher post-Newtonian order.

The layout of the paper is as follows. In Sec. [[I] we
give details of our method, including an MST-based ex-
pansion for low /-multipole modes and an exact large-£
approach for the higher multipole modes. In Sec. [[I] we



give explicit expressions for the metric perturbation in
Regge-Wheeler gauge in terms of homogeneous solutions
of the Regge-Wheeler equation. In Sec. [V] we summarise
our results and we conclude with a discussion in Sec. [Vl
Finally, in Appendix [A] we give equations for the gauge
invariant quantities we compute (written in terms of this
metric perturbation) and in Appendices @I,
and [G] we give our high-order post-Newtonian expansion
of the gauge invariant quantities. As the results become
increasingly unwieldy with increasing post-Newtonian or-
der, we restrict our printed results to order y'%-® and opt
instead to provide the higher-order terms electronically
[19).

This paper follows the conventions of Misner, Thorne
and Wheeler [20]; a “mostly positive” metric signature,
(—,+,4+,+), is used for the spacetime metric, the con-
nection coefficients are defined by F = é gA”(ggu v+

— Guv,0), the Riemann tensor is R o =TS, —
IS —i—F‘;HFKV 'z, T'S,.» the Ricci tensor and scalar are
Rag = RFoyup and R = R,*, and the Einstein equa-
tions are Gop = Rap — 39apR = 8nT,p. Standard
geometrized units are used, with ¢ = G = 1, but we
include the explicit dependence on G and ¢ in our post-
Newtonian expansions in cases where they are convenient
for post-Newtonian order counting. We use the spherical
coordinates {t,r,6, ¢} for the background Schwarzschild
spacetime and write tensors in terms of these coordinate
components.
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II. HOMOGENEOUS SOLUTIONS OF THE
REGGE-WHEELER EQUATION

We seek solutions to the homogeneous Regge-Wheeler
equation,

(;22 + w? — V(T)> Xow(r) =0

where V(r) = (1-—2M) (Wr%l) - %) and d/dr, =
( — %) d/dr. We assume much the same strategy as
[16] in approaching the various ¢ mode regimes. Namely
we use the analytical results of Zerilli [21I] with asymp-
totically flat gauge correction for ¢ = 0,1, generate the
analytical MST series solutions for ‘low’ £ modes, and use
a variation of Bini & Damour’s post-Newtonian ansatz
valid for large-¢ values to tackle the rest.

A. Low / solutions

A collection of exact homogeneous solutions of the
Regge-Wheeler equation are given in [IT]. These are
constructed via the introduction of a parameter v, the
generalisation of the angular number ¢ to non-integer val-
ues. This is used to build a formal perturbation of the
Regge-Wheeler equation. The exact solutions are then
written as series of hypergeometric oF; functions and

irregular confluent hypergeometric U functions, whose
convergence is assured by the choice of v.

The MST expansion of X" (r)

Following a similar notation to [16], the horizon solu-
tion may be written as

XZ:,( O(m Z CL X
Fn+v—1—ie,—n—v—2—ie 1 — 2ie,x),
(2.1)

t — Wy
Xew(T%Th) HBl;anse zwr’

where Bf'™"® can be determined analytically by the be-

haviour of X asr — ry, and

Cliny (@) = ™D (=) (1 = 2) 7,
['(a)L(b)

F(a,b,c,C) = o)

Ar _QGMw
2GM’ B3

2F1(a’a b7 C; C)v

However, we find it more useful to instead work with the
following decomposition:

2F1(a b C; C)
L(c)T'(b—a)
FOe—a) Y

INOINCED
F(a)F(c—b)

9 F(a,c—b,a—b+ 1,&)

b2F1 (C

(1-¢)" —a,bjb—a+1

)
(2.2)

Fi(a,b,c,) =
['(a)I'(b—a) . 1
W(l_f) 2F1(a,C—b,a—b+17q)
(2.3)
Fs(a,b,c,C) =
T'(b)I(a —b) B
W(l — )% Fi(¢c—a,b,b—a+1, 1i7C)
(2.4)

As a note, this leads to the X}* = X} + X;” ™' repre-
sentation of Eq (2.15) in [I1] if we let n — —n in the F;
sum. Once again following [16] we will keep track of the
large-r, small-w coupled expansions by using the small
parameter 7 = 1/c¢, and the Bini & Damour variables
X1 =GM/r, X,!'/2 = wr. In this way, each instance of
X, and X, must each come with an 72

At this point we can do an examination of the lead-
ing powers of n against n for the various terms in the
sum. The structure of the MST series coefficients a,,



is described in Sec. 6 of [II], but we present it again
in terms of powers of 7 and in a form (Table [I) that
makes it straightforward to combine with other elements
of the expansions. We note that the corresponding be-
haviour is also discussed in the Living Review by Sasaki
and Tagoshi [22] for the MST series coefficients for the
Teukolsky function, which simply differ from those of the
spin-2 Regge-Wheeler equation by a complex conjuga-
tion [23].

The structure of the series coefficients is not the only
irregular behaviour we need to account for; the depen-
dence on 7 of both the parameters and argument of the
oFy also go through order jumps, which are tabulated in
Table [l In constructing this and subsequent Tables the
key elements are that

1 2

Av=v—l~ée ~nl, ~ .

3
e~ 11—z
The scaling of ¢ and = with 1 come from their defini-
tions, whereas the scaling of v can be seen from its low-
frequency expansion.

One subtlety here as that while we tend to think of
oF1 as being regular in its argument, this is only true if
the parameters are held fixed. It is easy to see, for exam-
ple, that the expansion of the hypergeometric function in

Eq. (2.3)) is given by

(n+l—1—ie+Av)(n+0+3—ie+Av)

2
I+ 2(n il 1-Av) X"+,

and the denominator is manifestly n® when n+/¢+1 =0,
leading to a divergent limit as 7 — 0. This divergence
is more than compensated for by the behaviour of the
prefactor, but leads to larger term than a casual analysis
would suggest. This term corresponds to the daggered
entries in Table [Tl

Combining the behaviour of the various elements gives
a master table, Table [[TI] for the orders of each term in
the series. This turns out to be the most useful table
for optimising our calculations of the inner solution since
they allow us to say with certainty what we do and do
not need to calculate to correctly give a desired order.
For example, one can see immediately from looking at
these that for n > 0 our contribution from F,; will die
out quickly and can be largely ignored.

The MST expansion of X,"(r)

The solution satisfying the boundary condition at in-
finity is

+oo
Xpo(r) = Clypy (2) Z al(—2iz)" x

n=—oo

Un+v+1—ie2n+2v+2 —2iz),

up trans iwr.
X0 (r — 00) = Cp%e™™™,

(2.5)

where C[** can be determined analytically by the be-
haviour of X’ as r — oo, and

v 12V €\—icqv _—me_—im(v
Clup) (2) =€z +1(1—;) Ve eI (9 6)

I'(a —2)(a)

N

U(a,b,() (2.7)

and z = “F. In a similar vein to the inner case we split
this solution by making use of the identity

I'(1-b)

Ul(a,b,2) :mM(mb,z)
+ F;b(;)l)zl_bM(a—b—l—l,Q—b,z).
(2.8)
Thus U (a,b,¢) = Uy (a,b,¢) + Uz (a,b,¢)
_ ~ T(a—2)T(a)l (1 - b)
Ui (a;b,¢) “Tla + D@ T (a—b+ 1)L (2,8,¢)
(2.9)
UZ (a7 bv C) :FIEC(I’a: _2’_)12—‘)(1‘1‘)(;*;) Zl_bx

M@=b+1,2-b). (2.10)

Analysis of the behaviour of the M functions
for small n produces Table [Vl Again we must
take due care that parameters as well as the ar-
gument depends on 7. For example, when consid-
ering Uy (n+ €+ 1+ Av —ie,2(n + £+ 1) + 2Av, —2iz)
the Taylor coefficients in the expansion of M are regular if
n+£ > 0but if n+£ = —k (k € N) the Taylor coefficients
of order (—2iz)?*~1 and beyond are order 3. This
means that for k = 1 the function behaves as n~2, while
for k > 2 the behaviour is regular but we need to include
3 more terms than one might have expected to get to
the appropriate n order. Correspondingly when consid-
ering U (n+ €+ 1+ Av —ie,2(n + £ + 1) + 2Av, —2iz)
the Taylor coefficients in the expansion of M are regular
ifn+¢<0butifn+¢=%k (k€ NU{0}) the Taylor co-

efficients of order (—2iz)?**! and beyond are order 2.

This means that for k = 0 the function behaves as n=2,
while for k£ > 1 the behaviour is regular but we need to
include 3 more terms than one might have expected to
get to the appropriate n order.

Combining the behaviour of the various elements gives
a master table, Table M for the orders of each term in

the series for Xyp.

B. Large ¢ solutions

As described in [16], one can generate ‘large-¢’ homo-
geneous solutions using the template

XZ;EPN) il [1+ 2 APNE o AP
+ AT ]



| [n<—20-1]-2<n<—A—1[n=—An=—l+1][n>—1+2]

[an[ 3(jn] — 1) [ 3(n| +1)

[30+6[3((—1) +6]

3n] |

TABLE I. The leading behaviour of the MST coefficients for the spin-2 Regge-Wheeler equation in terms of powers of n. For

example, a, = O(n®"!) for n > —£ + 2.

[ [n§—€—3[n:—E—QIn:—f—l[nz—([nz—f-i-l[nZ—é—FQ]

—_19f
—11

-9
-9

7,
Fy

2n+ 20 —5
—2n—-20-7

—11
—11f

-9
-9

2n+20—5
—2n—20 -7

TABLE II. The leading behaviour of the hypergeometric functions appearing in Eqgs. (2.3) and (2.4). The terms marked with
a T highlight the interplay between parameters and argument; see the text for a full discussion.

P(PN) =1 + PAPN L | g PN~

Im
AT ] (211)

where the A; are for the most part polynomials in X; and
X5!/2 but one finds extra r dependent log terms appear-
ing after the sixth order, log? terms appearing after the
twelfth order, etc. However, the precise details appear
opaque.

In generating the MST expansions for high values of ¢
and for general ¢ above the given order the full structure
of this expansion becomes clear:

(1) In the PN expansion of the MST series using the
Bini-Damour variables X, X5 the combination

e =2X, X,'/%?

is r-independent. A phase of the form

oo o0
win/up _ Zq)[};n/upei _ Z¢;n/llp(2X1X21/2n3)i
i=0 i=0
is therefore irrelevant as it amounts to a normalisation

constant, which can be seen to cancel upon division by
the Wronskian in Sec. [TIl

(2) Having factored out an r-independent phase of the
type described in (1), we find the MST expansions for
X™ may be further expressed in the form

o0 - .
—4—1-3 a(6j,2j)(2X1X21/2773)2]

XZI;ELMST) =" X, =t X
[14+n?A5 +n* AL + A+ .. ]
(2.12)

where the A; are now strictly polynomials in X, X5
which we may express as

/

a/(2n,i)X1i(X21/2)2(n_i)

NE

L _
As, =
0

-
3|

i n—1
a(2n,i)X1 X",
0

.
Il

where the prime indicates that we omit terms where the
combination is a power of X;X5!/? as these are already
included in the phase term. This occurs if i = 2(n — 9)
which is only possible if 2n = 65 and ¢ = 25 for some
j € N, explaining our notation for the phase expansion.
In our calculations in the previous subsection we cal-
culated Xj, from the hypergeometric series to order 7740
up to £ = 20 explicitly, and then rewrote it in the form of
Eq. prior to calculating the metric perturbation,
as it offered immense simplifications of the algebra (see
Fig. |1).
However, for large-f we may take an alternative ap-
proach. Acting on a function f(X;, X»'/?), we have
Tg - —Xlﬂ + X2 df ,
dr dX1 dX21/2
and use this substitution in the spin-s Regge-Wheeler
operator, which is given by

dr | dr dr
+ 07X — (1 —2X1m%) (6(0 + 1) + (1 — s*)2X19?)

Requiring that the ansatz of satisfy the spin-2
Regge-Wheeler equation immediately determines all co-
efficients at orders up to n = 2¢. This means that we
may determine at any given order the necessary expan-
sion without solving the full MST expansions, as Bini &
Damour did in the context of (As a check we have
solved the MST expansion for large ¢ explicitly to or-
der n?! and found full agreement with the much simpler
method described here.)

An additional bonus of this method is that one may
identify the coefficients ag; 25y as being precisely the co-
efficients of the renormalised angular momentum v_ cor-
responding to —! — 1, that is

(1- 2)(1772)27"i {rd] +(1—2X1n?)(4X1n? — l)ri

v_(e)=—0—-1-— i a(sj,25)€ (2.13)
j=1
or, in other words, we have
Xél;EMST) :eiwinXlu,@Xlel/%f‘) «
[1+n2A% +n* AL+ nPAf +...]. (2.14)



[n§—26—1[—2€§n§—6—3[71:—€—2[n:—ﬁ—1[n:—€[n:—€+1[ n>—0+2 ‘
> TanFin|+4l -1 [n|+4£+5 60+7 50—67 [50+2] BL+1 [3n|+2n+41+2
n**7a, Fy| 5n|—3 5/n| +3 60+ 7 5042 |50421] 5041 3n| — 2n

TABLE III. The combined behaviour following from Tables [I| and [[I} We take out a factor of *'*7 for normalisation fixing the

largest term as O(1), everything higher can be read as relative.

[ [n<—A-3[n=—A-2[n=—l—-1[n=—A[n=—L+1] n>—(+2]

_5f
-5

U, 0
Uy|—2n—20—4

-3
-3

—6
_gf

—6
—6

-3
—2n—20—1

TABLE IV. The leading behaviour of the hypergeometric functions appearing in Egs. (2.9) and (2.10). The terms marked with
a T highlight the interplay between parameters and argument in this case.
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FIG. 1. A demonstration of the algebraic simplification ob-
tained by rewriting the MST series for X, as phasexlogxPN
series for £ = 5. Plots use the Mathematica LeafCount func-
tion to measure the expression complexity with increasing n-
order. The first figure shows the full MST expansion along
with the the remaining ‘PN series’ on a log scale, and the sec-
ond shows the phase plus log terms. Note that we can mostly
ignore the phase and log terms as they will drop out when
dividing by the Wronskian.

While we discovered this behaviour by an explicit per-
turbative expansion, in hindsight, the appearance of v in
this equation might have been expected on monodromy
grounds [24].

(3) The full MST expansions for X"P are in general much
more complicated, involving, for example, high powers of
log X5. Nonetheless, the leading terms are again easy;
with the ansatz

o0 .
o) b(sj,25) (2X1 X'/ %)
=

XROIST) _ i (1, 1/2) x

m
[L+0°Bs +n*Bi+ -+ 0> By, + O(" )],
(2.15)

the Regge-Wheeler equation again determines all the
given coefficients (that is, orders up to n = 2I) and

V+(€) =/{+ Z b(6j,2j)€2j~

j=1

(2.16)

In both cases it is easy to see why we can determine to
this order and no higher since the r independent factor
(2X1 Xo'/293) =241 will serve to mix them at that order.
To obtain the correct solutions we must supplement the
Regge-Wheeler equation with the boundary condition;
our simple ansatz cannot implement these while the MST
expansion does.

III. RECONSTRUCTED METRIC
PERTURBATION IN REGGE-WHEELER GAUGE

In Regge-Wheeler gauge, the components of the met-
ric perturbation may be written in terms of the homoge-
neous solutions, X é‘; and X,”. For the case of a point
mass on a circular orbit of radius rg, the metric per-
turbation components are given explicitly below for the
case r < 1o (we ignore terms involving §(r — rg) and
its derivatives since they are not relevant to our calcula-
tions). Here, W = Xi (r0) X;2' (ro) — X ;2 (ro) X2 (ro) is
the Wronskian, A= ({ — 1)({ +2)/2 and A = A+ 3M/r.
To obtain the components for r > rg, simply interchange
Xi» and X,” in these expressions.

The (t,t) component of the metric perturbation is
given by
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> lan(=2iz)" U1 [2[n] + 20— 2] 2[n|+20+4 4+5 40417 T464+1] 40—1 [3n|+n+20-2
7 a, (—2i2)"Us2|  4|n| —6 4|n] 40+5 4041 (40417 40-1 3ln| —n

TABLE V. The combined behaviour following from Tables [[] and [[V]

i _ 7Y (80, 00)Yam (6, 6) (WX () + Bt X3 (1)) (W X2 (o) + by X' (r0)) )
" 8AA + 1)r3rd 2 W (rg — 2M)(rg — BM)V/2(9m2M3 + N2(A + 1))

where
Rl =(6M — 2(\ + 1)7) (4Am> Mr3 + 4N\ + 1) (2M — 7)),
WY =2r(2M — r)(12m2M>r? + 4N\ + D)rd(3M — 7)),
hpP = —8(6M3 (=X +m? — 1) +3M?rg(2X% +3X —m? + 1) — XA + D)Mra( A +m? +4) + X\ + 1)%r9),
WP =87 (2M — 10) (A + 1)(BM2 + Aro(ro — 2M)) — 3m2M?). (3.2)

The (¢,7) component of the metric perturbation is given by

tr ro — 3M AN+ D)r2rgW (2M — r)(2M — 1o)(Im2M3 + N2(A + 1)2r3) ’ ‘
where
Rt =12m? M2r* — 4r3(18M3 — 3(2\ + 5)M?r — 3(\2 — 1)M7? + A\ + 1)7%),
Wit = — AAr?r3(r — 2M)(—=3M + Ar + 1),
Ry =8(6M> (=X +m? — 1) + 3M?rg(20% + 3\ —m? + 1) — XA + D)Mri(A +m? +4) + A\ + 1)r)),
hEP" = — 8ro(2M — 1) (A + 1)(3M2 + Aro(ro — 2M)) — 3m2M?). (3.4)
The (r,7) component of the metric perturbation is given by
B _ ™Y (B0, 60) Yo (0, 8) (s X2 (1) + bl Xt (1) (2 X5 (o) + PP X, (o) (35)
" SAA + D)rrd W (r — 2M)2(2M — 1ro)/rg — 3M(9Im2M3 + X2(A + 1)2r3)
where
Rl =(6M — 2(\ + 1)) (4Am> Mr3 + 4N\ + 1)rg (2M — 7)),
WY =2r(2M — r)(12m2M>r? + 4N\ + D)rd(3M — 7)),
REP = — 8(6M3 (=X +m? — 1) +3M?rg(2X% + 3\ — m? + 1) — XA+ D)MrE(A +m? +4) + XA+ 1)%r]),
R =810 (2M — 7o) (A + 1)(3M? + Aro(rg — 2M)) — 3m>M?). (3.6)
The (¢,0) and (¢, ¢) components of the metric perturbation are given by
hiy" = —imH,; csc 0V (0,0),  hy' = HysinYm 0(0, ¢), (3.7)
where
o.M ATV, (00, 60)(2M — ) (r X2 (r) + XI5 () (ro X, (ro) + X2 (o)) (3.8)
T Vo —3M AA+ D) rrgW ' '

The (r,0) and (7, ¢) components of the metric perturbation are given by

RSV = —imH, csc0Yym (0,¢), Y = H, sin0Ypm 0(0,¢), (3.9)



where

4im Y, (00, Go)mMr>Xpp, (r) (ro X2 (ro) + X35 (o))

H, =— 73 (3.10)
A+ D)2 2W (2M — 1) (ro — 3M)1/2
The (0,0) and (¢, ¢) components of the metric perturbation are given by
hpg' =K, hyy =sin® 0K, (3.11)
where
_ 7Y (00, 60)Yem (0, ¢) (K™ X5 (r) + K™ X0 (r) (K" X0 (o) + K X3P (r)) (3.12)
SA+ 1) 170 2W (rg — 2M ) (ro — 3M)Y/2(9m2M3 + X2(\ + 1)2r) ’
with
K™ =24m?M?r® — 8(\ + 1)r3 (=6 M? + 3Mr + A\ + 1)r?),
K™ = —8(A 4 1)rrd(r — 2M)(3M + Ar),
K" =8(6M>(—X+m? — 1) +3M?rg(20% + 3\ —m? + 1) = XA+ D)Mr3(A +m? +4) + A\ + 1)%r),
K" = — 8r¢(2M — r0)(A + 1)(3M? + Aro(ro — 2M)) — 3m>M?). (3.13)

The (0, ¢) component is exactly zero, as required by the Regge-Wheeler gauge conditions.

The above expressions may only be used for the mul-
tipole modes ¢ > 2. For completeness, we also give the
metric perturbation components for ¢ = 0, 1, which were
derived analytically by Zerilli [21]. As in Ref. [16], a cor-
rection term is added to Zerilli’s solutions to account for
the change to an asymptotically flat gauge compatible

with the one used in post-Newtonian theory:

— 2E1 — M 2E‘~1
hftoz o QI\JH( T)+TH(T_T0)7
o
_ 2F,
thO ( - M>2H(r—ro), (3.14)
with El — 122M/70_ For ¢ — 1 we have a contribution

/1=3M/ro "

from the odd sector,
~ ']"2
hi5' = —2Ly1sin 0 LBH

(ro—r)+ %H(r — ro)} ,
0

(3.15)

and a contribution from the even sector,

B —9M Q7 . -
M = 2B o o 1= 5 |smocoiten )
hfrzl — EQ r(ro M) sin @ sin oH (ro — ),

(r— )

- 2M -
pe=1 — 6E¥ sin 6 cos ¢H (ro — 1),

2
L)

where H is the Heaviside function and fq =\ Mrosin-

(

IV. REGULARIZED CALCULATION OF
GAUGE-INVARIANT QUANTITIES

With the spherical-harmonic modes of the Regge-
Wheeler metric perturbation at hand, the final stage in
our calculation is to compute the known gauge invariant
quantities. To do so, we use the expressions given in Ap-
pendix [A] for the gauge invariants in terms of the metric
perturbation, and then sum over m (which is straight-
forward) and over ¢ (which deserve further attention and
will be addressed in detail next).

We have so far only discussed the computation of the
retarded metric perturbation, yet the retarded perturba-
tion diverges on the worldline - this divergence manifests
itself through the failure of the sum over ¢ to converge.
Essentially, we address the issue of regularization of this
divergence using the standard mode-sum regularization
approach [25]. More explicitly, we compute PN expan-
sions of the (tensor) spherical harmonic modes of each
invariant using the retarded Regge-Wheeler metric per-
turbation, and then subtract a sufficient number of PN-
expanded regularization parameters such that the sum
over modes yields a finite, convergent result. This pro-
duces invariants of the perturbed spacetime defined by
the Detweiler-Whiting regular field [26], not of the full
retarded-field metric.

It turns out that no new subtleties appear for our
circular-orbit case in the Regge-Wheeler gauge, as com-
pared to the standard Lorenz gauge approach. A full
analysis is beyond the scope of this paper and will in-
stead be addressed through a more detailed analysis in a
future work. We do note, however, that it is perhaps not
surprising given that all of the quantities we are comput-



ing are explicitly invariant under gauge transformations
represented by a gauge vector which respects the helical
symmetry of the problem, i.e. £ = Q¢*. Furthermore, in
Ref. [8] we computed with others highly accurate numer-
ical values for the invariants in both Lorenz and Regge-
Wheeler gauges and found that the individual retarded
field (tensor) spherical harmonic modes are in perfect
agreement between the two gauges, to within the highly-
constrained error bars of our numerical results. We also
used the standard (and robust) procedure of projecting
the Lorenz-gauge modes onto scalar spherical harmonics,
combined with analytically derived regularization param-
eters (which were obtained using the Detweiler-Whiting
singular metric perturbation) as a validation of our re-
sults.

In practice, we found it convenient to take some short-
cuts in our calculation, which are well-justified by our
validation and consistency checks. Specifically, the ap-
proach we take is as follows:

1. For each invariant, we compute the retarded field
tensor harmonic f-modes (summed over m) using
the retarded metric perturbation on both (radial)
sides of the worldline, i.e. by interchanging X;,, and
Xup in the expressions for the metric perturbation.

2. We eliminate odd divergent powers of ¢ (i.e. the
parts proportional to 2+ 1 and £(¢+1)(2¢41)) by
averaging the results on either side of the worldline.

3. We make use of the post-Newtonian expansion of
the first two Lorenz-gauge scalar-harmonic regular-
ization parameters to eliminate the leading-order
even divergent powers of £ (e.g. (2¢+ 1)% or 1 de-
pending on the case). These are the same as the
tensor-harmonic parameters since the projection
onto scalar harmonics only introduces a change in
the regularization parameters at third-from-leading
order and beyond.

4. For the tidal invariants, we are still left with the
constant-in-¢ piece of the divergent metric pertur-
bation. We identify this piece by taking an ¢ — oo
limit of our PN expansions, and then subtract it to
leave a convergent mode-sum.

5. Finally, we analytically sum over all £ modes (up
to £ = 00) to obtain the regularized result.

V. RESULTS

Our main result is the high-order post-Newtonian ex-
pansion of gauge invariant quantities for a circular orbit
extreme mass ratio binary system, ignoring contributions
from the spin of the constituent bodies. Similar post-
Newtonian expansions have been given to lower orders in
other works [7), 8, 12| [13], T5HI8] 27H31]; we have verified
that our results are in perfect agreement with these.

Our post-Newtonian expressions for the invariants take
a standard form in all cases, and is given as a series in
powers of y and logy. For example, the spin-precession
invariant is given by

AYp=coy’ +esy® +eay’ + (e + an logy) y°+
+ (c6 + cglogy) y® + co.5y°° + (cr + M logy) y”

2
+er5y" P+ (cs+ it logy + e log”y)y® -,
(5.1)

where we use the notation that ¢, corresponds to the

coefficient of y", and c],{‘k is the coefficient of y" log(y)".
The coefficients are exact numerical quantities involving
rational numbers, logs of integers, m, Euler’s constant
(7), and the Riemann zeta function (¢) with integer ar-
gument (these various numerical quantities can be seen to
come about from the infinite sums over ¢ and m spherical-
harmonic modes). We give the explicit values for many
of the coefficients in the appendices, with higher-order
coefficients being available electronically [19].

In addition to gauge invariant quantities, our expres-
sions may also be used to compute a high-order post-
Newtonian expansion of the linear-in-mass-ratio piece of
the effective one body radial interaction potential. As
was shown in Refs. [32H34], this has a straightforward
expression in terms of the redshift invariant,

al) = ~(1 - 39280 - L=,

so substituting our post-Newtonian expansion for AU in
to this expression yields and expansion for a(y).

(5.2)

VI. DISCUSSION

Although we have given post-Newtonian expansions
for all currently known invariants for circular orbits in
Schwarzschild spacetime, there remain further quantities
one could compute. For example, a forthcoming work
[35] will present numerical and post-Newtonian approx-
imations for octupolar invariants for circular orbits in
Schwarzschild spacetime. Similarly our homogeneous so-
lutions could be used to calculate high order energy and
angular momentum fluxes, as was done previously in for
example [36] [37]. It is interesting to note that in an anal-
ysis of the form of the PN expansion of the energy flux
at infinity [38], Johnson-McDaniel identified the origin of
many logarithmic and transcendental terms in the flux,
allowing significant simplification of the final expressions.
It would be interesting to understand how these relate to
our approach, and if any more efficiency could be added
to our calculations by their observations.

From an astrophysical perspective a particularly com-
pelling direction for future study is the extension to the
Kerr background corresponding to a rotating black hole.
The derivation of the various gauge invariants for circular
orbits in Kerr spacetime has already been worked out in



[8] and the MST method in general applies equally well
to the Kerr case. The outstanding issue is therefore the
development of efficient post-Newtonian expansion tech-
niques for the Kerr case. Fortunately, we anticipate that
many of the tricks employed in this work will carry over
to the Kerr case; we will explore this in more detail in a
future work.
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Appendix A: Gauge invariants

In this work we evaluate the redshift, spin-precession and tidal-tensor invariants by writing them in terms of the
components of hy;, in Schwarzschild coordinates. In particular, for our particular choice of off-worldline extension the

invariants are given by

To
AU = —V (het + Qhyy + Q2h¢¢), (A1)
1 ro — 3M
qu[} :27"09 \/ T |:htr,¢ - ht¢,r + Q(hrd),qb - h¢¢,r =+ fTOhrr):|
+ L \/ M Q(Mr2hy + 1o f*hge) + 2M fhyy) (A2)
2M7"0f ro — 3M "ol ro ¢ o)
ANE :Q2f(27“0 — 3M)h B 92(27“(2) —6Mrg + 3M2) e GMtht¢ B 92(7”(2) —3Mrg + 3M2)h¢¢
! ro — 3M " f(ro —3M)? ro(ro — 3M)?2 r3(ro — 3M)?
To — 2M 2 Qthb#) + Q[htr,qb + ht¢’7«] + htt,r
Q(TO — SM) [htt,rr + 2th¢,7’r +Q h¢¢,rr:| 7o ) (A3)
A)\E :2M[htt + Qth¢ =+ Q2h¢¢] — [7"0 — 3M] [htt,90 + Qthqﬁ,QG + Q2(h¢¢790 + thg)] (A4)
2T0(T0 — 3M)2 ’
0? 0? Q(hgyr — h +0%(h —h h + 2Qh +Q%h
ANE = Th” —Q2fh,, - g’w n (heg,r — arg) s (hgg,r — hros)  hirgo ;i,gs; 2006
(A5)
ANE — 303 f1/2 D3 f20rg—9M), Q(ro = M)hyy QM (5rg — 9M)hy Qf3/2h
(ro—3M)""" " 2(rg=3M)> """ F(ro—3M)  2V/fro(ro—3M)> o
Vi 1 Qhit
+ % Q[(hggw — 2h,«979) — hr¢,¢] - htr’d + Tf?“g’ {(7‘0 — 4M)ht¢,7- + Q(ro - 3M)h¢¢77} - 2\/7
Q 1 (T’Q - M)
h 2h ————1Qh h h . A6
+ 2V r2(ro — 3M) [f $$,00 T 70 tt,ae] NI [ 06,00 T Nto, 00 | + 2/ Fri (ro — 3M) t6,00 (AG)

In the above we evaluate all of the metric perturbation components using the expressions given in Sec. [Tl with

(0, 9) = (5,0).

Note that other choices of off-worldline extension are possible. For example, our expressions could have incorporated
arbitrary extra dependence on 6 and ¢, provided they smoothly approach the above expressions in the limit to the
worldline (see Refs. [8 25 B9 for further discussion of this issue). However, we found the above to be the most

convenient to work with.
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Appendix B: Post-Newtonian expansion coefficients for AU

In this Appendix, we give the analytic post-Newtonian expansion coefficients for Detweiler’s redshift invariant [27],
AU, up to order y'®°. We have also computed higher order coefficients up to order y?':>, but they are too long to
give here; instead, we make them available electronically [19].
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Appendix C: Post-Newtonian expansion coefficients for Ay

In this Appendix, we give the analytic post-Newtonian expansion coefficients for the spin-precession invariant [7],
A, up to order y'°°. We have also computed higher order coefficients up to order y2%, but they are too long to
give here; instead, we make them available electronically [19].
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Appendix D: Post-Newtonian expansion coefficients for A\

In this Appendix, we give the analytic post-Newtonian expansion coefficients for the tidal invariant AX; (see [g] for
a definition) up to order y'5-5. We have also computed higher order coefficients up to order 3?15, but they are too
long to give here; instead, we make them available electronically [19].
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Appendix E: Post-Newtonian expansion coefficients for A\,

In this Appendix, we give the analytic post-Newtonian expansion coefficients for the tidal invariant A\, (see [§] for
a definition) up to order y'5-5. We have also computed higher order coefficients up to order 3?15, but they are too
long to give here; instead, we make them available electronically [19].
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Appendix F: Post-Newtonian expansion coefficients for A\s

In this Appendix, we give the analytic post-Newtonian expansion coefficients for the tidal invariant AX; (see [§] for
a definition) up to order y'%®. We have also computed higher order coefficients up to order y?*-®, but they are too
long to give here; instead, we make them available electronically [19].
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Appendix G: Post-Newtonian expansion coefficients for A\?

In this Appendix, we give the analytic post-Newtonian expansion coefficients for the tidal invariant ANZ (see [§]
for a definition) up to order y'®®. We have also computed higher order coefficients up to order y?'°, but they are
too long to give here; instead, we make them available electronically [19].
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